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Abstract 

O 

1 For a Calabi-Yau triangulated category C of Calabi-Yau dimension d with a cZ-cluster 

tilting subcategory T, it is proved that the decomposition of C is determined by the special 
decomposition of T, namely, C = ffi, e /C,, where C,, i e / are triangulated subcategories, if 
and only if T — ffi, e /71, where 71,/ e / are subcategories with Homc(71W,7}) = 0, VI < 
t < d — 2 and i + j. This induces that the Gabriel quivers of endomorphism algebras of any 
two cluster tilting objects in a 2-Calabi-Yau triangulated category are connected or not at 
Qh the same time. As an application, we prove that indecomposable 2-Calabi-Yau triangulated 

p-i categories with cluster tilting objects have no non-trivial t-structures and no non-trivial co- 

t-structures. This allows us to give a classification of cotorsion pairs in this triangulated 
category. Moreover the hearts of cotorsion pairs in the sense of Nakaoka are equivalent to 
the module categories over the endomorphism algebras of the cores of the cotorsion pairs. 
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1 Introduction 

Cotorsion pairs (equivalently, torsion pairs) give a way to construct the whole categories from 
certain special subcategories. They are important in the study of triangulated categories and 
abelian categories. We recall the definition here. Let SC , W be (additive) subcategories in a 
triangulated category C with shift functor [1]. The pair W) is called a torsion pair in C 
provided the following conditions are satisfied: 

1. Uom(X, Y) = for any X € X, Y e W\ and 

2. for any C e C, there is a triangle X -» C -» Y -» X[l] with XeJjef. 

This notion was introduced by Iyama-Yoshino IUYL see also [KR1], which is the triangulated 
version of the notion with the same name in abelian categories introduced by Dickson (Dl (see 
the introduction to HAS SB for further details). The notion of torsion pairs unifies the notion of 
t-structures in the sense of [BBD], co-t-structures in the sense of Pauksztello [P] and [Bon]], and 
the notion of cluster tilting subcategories (objects) in the sense of Keller-Reiten [KR1], see also 
BBMRRTL 
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Torsion pairs are important in the study of the algebraic structure and geometric structure of tri- 
angulated categories. Iyama and Yoshino lHYll use them to study the mutation of cluster tilting 
subcategories in triangulated categories, see also IKRlllBRl . Nakaoka El use them to unify the 
constructions of abelian categories appearing as quotients of triangulated categories by cluster 
tilting subcategories [BMR, KRll lKZl . and the construction of abelian categories as hearts of t- 
structures [BBD]. There is a relation between t-structures and stability conditions in triangulated 
categories, see BBrill for details. As one of important special cases, cluster tilting objects (or sub- 
categories) appeared naturally in the study on the categorification of cluster algebras [BMRRT ]. 
They have many nice algebraic properties and combinatorial properties which have been used in 
the categorification of cluster algebras (see the surveys I1K21 IRel and the references therein). In 
this categorification, the cluster tilting objects in the cluster category of an acyclic quiver (or more 
general a quiver with potential) corresponds to the clusters of the corresponding cluster algebra. 
Cluster tilting subcategories in triangulated categories are the torsion classes of some special tor- 
sion pairs. A triangulated category (even a 2-Calabi-Yau triangulated category) may not admit 
any cluster tilting subcategories [KZ, BIKR]. In contrast, they always admit torsion pairs, for 
example, the trivial torsion pair: (the whole category, the zero category). In a triangulated cate- 
gory C with shift functor [1], when {3£ , $0 is a torsion pair, we call the pair ( ^[-1]) is a 
cotorsion pair, and call the subcategory 3£ f] <3f\—X\ the core of this cotorsion pair. It follows 
that ( JT, $0 is a cotorsion pair in C if and only if ( JT, ^[1]) is a torsion pair. 
Recently there are several works on the classification of torsion pairs (or equivalently, cotorsion 
pairs) of a 2-Calabi-Yau triangulated category. Ng gives a classification of torsion pairs in the 
cluster categories of Aoo | |Ng| by defining Ptolemy diagrams of an oo-gon P^. Holm-j0rgensen- 
Rubery HHJR1II gives a classification of cotorsion pairs in cluster category Ca„ of type A„ via 
Ptolemy diagrams of a regular (n + 3)-gon P n+ 3. They also do the same thing for cluster tubes 
[HJR2]. In (223, we define the mutation of torsion pairs to produce new torsion pairs by gen- 
eralizing the mutation of cluster tilting subcategories lITYl . and show that the mutation of torsion 
pairs has the geometric meaning when the categories have geometric models. In [ZZZ], together 
with zhang, we give the classification of (co)torsion pairs in the (generalized) cluster categories 
associated with marked Riemann surfaces without punctures. For classification of torsion pairs 
in an abelian category, we refer to the recent work of Baur-Buan-Marsh [BBM]. 
In this paper, we show that an indecomposable 2-Calabi-Yau triangulated category C with a 
cluster tilting object has only trivial t-structures, i.e. (C, 0), or (0, C). For this, we prove the fact 
that the decomposition of C is determined by the decomposition of the cluster tilting subcategory. 
This decomposition result holds for arbitrary <i-Calabi-Yau triangulated categories, where d > 1 
is an integer. As an application of the result on t-structures, we give a classification of cotorsion 
pairs in C and determine the hearts of cotorsion pairs in the sense of Nakaoka El , which are 
equivalent to the module categories of their cores. We also discuss the relation between mutation 
of cotorsion pairs [ZZ2] with mutation of cluster tilting objects. 

This paper is organized as follows: In Section 2, some basic definitions and results on cotor- 
sion pairs are recalled. In Section 3, the definition of decomposition of triangulated categories 
is recalled. The decomposition of <i-cluster tilting categories is defined, which is not only the 
decomposition of additive categories, but also with some additional vanish condition on nega- 
tive extension groups (appeared first in Section 4.2, in BKR2II : and for d = 2, this condition is 
empty). An example is given to explain in general the decomposition of triangulated categories 
is not determined by that of cluster tilting subcategories. It is proved that for any J-Calabi-Yau 
triangulated category, its decomposition is determined by the decomposition of a J-cluster tilting 
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subcategory. In Section 4, the first main result is that the indecomposable 2-Calabi-Yau triangu- 
lated categories with cluster tilting objects have no non-trivial t-structures (Theorem 4.1). This 
allows us to give a classification of cotorsion pairs in these categories (Theorem 4.4), which is 
the second main result in this section. In Section 5, we discuss the relation between mutation of 
cotorsion pairs and mutation of cluster tilting objects. For any cotorsion pair (X ', $0 with core 
/, any basic cluster tilting object T containing / as a direct summand can be written uniquely as 
T - T% • © / © 7> such that T % © / (or 7> © /) is cluster tilting in S£ respectively), which 
we shall define in this section, and any triple (M, I, N) of objects M, I, N in C with the property 
above gives a cluster tilting object M®I®N containing / as a direct summand in C. The mutation 
of such T in the indecomposable object To can be made inside T _<% © / or Taj © 7, depending on 
that Tq is a direct summand of T% or 7V respectively, if To is not the direct summand of I. If 
Tq is the direct summand of I, then the mutation T of T in To is the cluster tilting object which 
can be written as V = T' x , © /' © T' 9 „ where (JT', &') is the mutation of ( X, <&) and /' is the 
core of (X' , IV'). In the final section, we prove that for any cotorsion pair (X, W) with core / 
in a 2-Calabi-Yau triangulated category with a cluster tilting object, the heart H_ of (X, &) is 
equivalent to mod /, where H_ is the subcategory of CI I which is the image of the subcategory 
( JT[-1] * /) * ^[1]) under the natural projection. H_ is called the heart of the cotorsion pair 

or, 00 El. 



2 Preliminaries 

Throughout this paper, k denotes a field. When we say that C is a triangulated category, we always 
assume that C is a Hom-finite Krull-Schmidt ^-linear triangulated category over a fixed field k. 
Denote by [1] the shift functor in C, and by [-1] the inverse of [1]. For a subcategory D, we mean 
G is a full subcategory of C which is closed under isomorphisms, finite direct sums and direct 
summands. In this sense, D is determined by the set of indecomposable objects in it. By X e C, 
we mean that X is an object of C. We denote by addX the additive closure generated by object X, 
which is a subcategory of C. Sometimes, we identify an object with the set of indecomposable 
objects appearing in its direct sum decomposition, and with the subcategory addX. Moreover, if 
a subcategory D is closed under [1], [-1] and extensions, then D is a triangulated subcategory 
of C (in fact it is a thick subcategory). We call that a triangulated category C has Serre functor 
provided there is an equivalent functor S such that Homc(X, Y) = DHomc(F, SX), which are 
functorially in both variables, where D = Hom ( t(-,fc). If the Serre functor is [d], an integer, C 
is called a J-Calabi-Yau (d-CY, for short) triangulated category. We always use Hom(X, Y) to 
denote Horn-space of objects X, Y in C. We denote by Ext n (X, Y) the space Hom(X, Y[n]). 
For a subcategory 3£ of C, denoted by X c C, let 

JT X = \Y € C | Hom(X, Y) - for any Xeif) 

and 

± X = {Y € C | Uom(Y,X) - for any X e 3C\. 

For two subcategories X , W , by Hom( t T , &) = 0, we mean that Hom(X, Y) = for any X € SC 
and any 7e f . A subcategory X of C is said to be a rigid subcategory if Ext^^T, X) = 0. Let 

3£ - {Z € C | 3 a triangle X Z Y X[\] in C with X e JT, Y € &\. 
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It is easy to see that X * W is closed under taking isomorphisms and finite direct sums. A 
subcategory X is said to be closed under extensions (or an extension-closed subcategory) if 
1" * f c f . Note that X * & is closed under taking direct summands if Hom(X, < 3T) = 
(Proposition 2.1(1) in lHYll ). Therefore, X * & can be understood as a subcategory of C in this 
case. 

We recall the definition of cotorsion pairs in a triangulated category C from lHYllNl . 

Definition 2.1. Let X and & be subcategories of a triangulated category C. 

1. The pair (X, <3f) is a cotorsion pair if 

Ext\X,^) = OandC = X * <3f\\\ 

Moreover, we call the subcategory I - X f] & the core of the cotorsion pair (X, 'W). 

1. A t-structure (X, in C is a cotorsion pair such that X is closed under [1] (equivalently 
W is closed under [-1]). In this case X f) ^[2] is an abelian category, which is called 
the heart of{X,<&) IHTBD\ \BRl . 

3. A co-t-structure (X, <3f) in C is a cotorsion pair such that X is closed under [-1] (equiv- 
alently W is closed under [l]j [Bon\ [P]/. 

4. The subcategory X is said to be a cluster tilting subcategory if (X , X) is a cotorsion 
pair [KRj\ \KZ\ \T7\I . We say that an object T is a cluster tilting object if addT is a cluster 
tilting subcategory. 

Remark 2.2. A pair (X, of subcategories of C is called a torsion pair if Hom(X , = 
and C = X * W. In this case, I = X f] is called the core of the torsion pair. Moreover, 

a pair (X, is a cotorsion pair if and only if(X, ^[1]) is a torsion pair. In any case, the core 
I is a rigid subcategory ofC. 

Remark 2.3. (C, 0) and (0, C) are t-structures in C, which are called trivial t-structures. They 
are also co-t-structures and are called trivial co-t-structures in C. 

Lemma 2.4. [ZZ1 / Let (X , *3f) be a cotorsion pair in C with core I. Then 

1. (X, $0 is a t-structure if and only ifl = 

1. X is a rigid subcategory if and only if X — I 

3. X is a cluster tilting subcategory if and only if ' X — I — W. 

Recall that a subcategory X is said to be contravariantly finite in C, if any object M e C admits 
a right JT- approximation / : X — > M, which means that any map from X' e X to M factors 
through /. The left X -approximation of M and covariantly finiteness of X can be defined 
dually. X is called functorially finite in C if X is both covariantly finite and contravariantly 
finite in C. Note that if (X, <&) is a torsion pair, then X = & = X^, and it follows that 
X (or <3f) is a contravariantly (covariantly, respectively) finite and extension-closed subcategory 
of C. 

Let (X be a cotorsion pair with core J in a triangulated category C. Denote by H the 
subcategory (X * J[l]) f}(I * ^[1]). The image of H under the natural projection C — » CI I, 
which denoted by H_, is called the heart of the cotorsion pair (X, &'). It is proved by Nakaoka 
that the heart H is an abelian category, see |N] for more detailed construction. 
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3 Decompositions of Calabi-Yau triangulated categories 



In this section, we discuss how the decomposition of triangulated categories is determined by that 
of a cluster tilting subcategory. We recall the definition of <i-cluster tilting subcategories from 
llKRTlllYH in the following: 

Definition 3.1. Let C be a triangulated category, d > 1, an integer. A subcategory T of C is 
called d-rigid provided Ext l (J~, T) = Ofor all 1 < i < d - 1. 

A d— rigid subcategory T is called d— cluster tilting provided that T is functorially finite, and 
satisfies the property: T £ T if and only if Ext'(T,T) = Ofor all I < i < d - 1 if and only if 
Ext\T, T) = Ofor all 1 < i < d - 1; 

An object T is called a d— cluster tilting (respectively d— rigid) object ifaddT is d— cluster tilting 
(respectively d— rigid). 

The main examples of J-cluster tilting subcategories are J-cluster tilting subcategories in <i-cluster 
categories (see IHYl PTllZhuO. Other examples can be found in BKll lBIKRl. Note that when d - 2, 
the (/-cluster tilting subcategories (or (i-cluster tilting objects) are called cluster tilting subcate- 
gories (cluster tilting objects respectively). 

Definition 3.2. Let C be a triangulated category, and C,-, i e I be triangulated subcategories of 
C. We call that C is a direct sum of triangulated subcategories Cj, i € /, provided that 

1. Any object M e C is a direct sum of finitely many objects Mi e C,; 

2. Hom(C u Cj) = 0, V/ * j. 

In this case, we write C = ©, e /C,-. We say C is indecomposable ifC cannot be written as a direct 
sum of two nonzero triangulated subcategories. 

Definition 3.3. Let T be a d— cluster tilting subcategory of a triangulated category C, and 71, i e 
/, be subcategories ofT. We call that T is a direct sum of subcategories Tu i € /, provided that 

1 . Any object T €7" is a direct sum of finitely many objects Ti e 71; 

2. Hom(Ti, Tf) = 0, V/ * j; 

3. Hom(Ti[k], Tf) = 0, V? * j,\<k<d- 2; 

In this case, we write T - ©, e /71. We say T is indecomposable ifT cannot be written as a direct 
sum of two nonzero subcategories. 

Remark 3.4. The third condition in Definition \3.3\ appeared first in [KR1 ]for the study ofGoren- 
stein property of d— cluster tilting subcategories (see the subsection 4.6 there for details), and it 
will play an essential rule in our result. When d = 2, this condition is empty. 

The following example shows that there are indecomposable d-CY triangulated categories ad- 
mitting ^-cluster tilting subcategories, those cluster tilting subcategories can be decomposed as 
sum of subcategories satisfying the conditions 1,2, but 3 in Definition 3.3. 
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Example 1. Let Q : 3 — > 2 — » 1 be the quiver of type A3 with linear orientation, and C be the 
4— cluster category of Q, i.e. C = D b (kQ)/r~ l [3] (compare HK1\I ). Let Pi,P2, P3 be the inde- 
composable projective modules associated to the vertices of Q, and S 1, 52, S 3 the corresponding 
simple modules. Then T - Pi © P2 © P3 is a A— cluster tilting object, P\ © P3 is an almost 
complete 4— cluster tilting object, it has A complements (compare HZhu\ [7]/), one is P2, the others 
are S^,S^[l], and S3[2]. Denote by T = add(P\ © P3 © S 3 [1]), which is a A— cluster tilting 
subcategory ofC. Set T\ - add(P\ ®P^), T% - addSj[l]. Both are subcategories ofT. It is easy 
to see that T , T\ , T2 satisfy the first two conditions of Definition 3.3, but not satisfy the third one, 
an easy computation shows Hom(P^[l], S^[\]) ± 0. 
We note that this A— cluster category C is indecomposable. 

We will discuss the relation between the decomposition of triangulated categories and the decom- 
position of J-cluster tilting subcategories. Firstly we look at two examples: 

Example 2. Let Q be a connected quiver without oriented cycles, C = D h (kQ) the bounded de- 
rived category ofkQ. It is an indecomposable triangulated category. We know T = add{r n [—n]kQ \ n £ 
Z } is a cluster tilting subcategory containing infinitely many indecomposable objects in C. Let 
7~i - add{r l [-i]kQ} for i e Z. It is easy to check that T = ffi/ez^- 

Example 3. Let Q be a connected quiver without oriented cycles, F = r _1 [l] an automorphism 
of the derived category D h (kQ). The repetitive cluster category of Q is defined for any positive 
integer m, namely, the orbit triangulated category C = D b (kQ)/(F m ) I\K1\I . It is an indecompos- 
able triangulated category. Let m - 2. Then kQ © F(kQ) is a cluster tilting object in C. Let 
T - add(kQ®F(kQ)), T\ = add(kQ), T% - add(F(kQ)). Then T is a cluster tilting subcategory 
and T = Ti®T 2 . 

The two examples above show that in general the indecomposable triangulated category may 
admit a decomposable J-cluster tilting subcategory. In the following, we will prove that the de- 
composition of d-CY triangulated categories is determined by the decomposition of a J-cluster 
tilting subcategory. Recall that a ^-linear triangulated category C is d-CY if [d] is the Serre 
functor. 

Proposition 3.5. Let C be a d-CY triangulated category with a d— cluster tilting subcategory T. 
Suppose thatT = ffi ie /Ti- withTu i £ I, nonzero subcategories, and letCi = *7~i*'7~/[l] *• • -*T;[<i— 1] 
for any i € I. Then Cj is a triangulated subcategory ofC and C = ffi, e /C,-. 

Note that by Proposition 2.1 II Yl . C,-, i £ I, are closed under direct summands, so they are sub- 
categories of C. 

We divide our proof into several steps: 

Lemma 3.6. Under the same assumption as in Proposition ^. 51 every object X in C has a decom- 
position X = ©,- e /X,- with finite many nonzero Xj e d, i € I. In particular, every indecomposable 
object ofC lies in some C/, i e /. 

Proof. Since T = © ie /T/ is a (i-cluster tilting subcategory, by Corollary 3.3 in II Yl . for each 
indecomposable object X in C, there are d triangles: 

X (n) 5 ®iejB ( "- l) -> X in ~ l) -> X (n) [l], n = l,---,d, 
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where 7 is a finite subset of I, Bf l) e T t X (0) = X and X (d) = 0. Then X {d ~ l) = ® ie jB { ? 1} . We 
want to prove that X = ©, e yX,- with X e C,. 

Assume that X w = ® ie jX ( " } with xf ] e T t *71[1] * ■ ■ ■ *T}[d- 1 -n] for some 1 < n < d - 1. By 
Definition [373J Hom^M, 7}) = for i ± j, < k < d - 1 - n < d - 2, then Hom(X w , Tj) = 

fi 
'■■ 

lo o ./jj. 



for j # i. So is a diagonal map, say 
to triangle: 



, where /; : X. — > s|" !) . Extend each ^ 



x (n) ^ g („-l) ^ x („-l) ^ ^(n)^ 

Then we have that X (n ~ l) = © ig/ xf* _1) and xf 1-15 £ 71 * T*[l] * • • • * 71[d -n],/e/. By induction 
on n (from d - 1 to 0), X = X (0) = e^xf with xj 0) € Q. 

□ 

2d-2 

Lemma 3.7. Under the same assumption as in Proposition ^. 5\ C; - Pi f) ± 7~j[k] holds for any 

j*i fc=l 

I G /. 

Proo/ By Definition[37J Hom(7~/, 7~ ; [Z]) - and Hom(7"), Ti[l\) = 0, for ~{d-2) <l<d-l,i± 
j. Then for < m < d-l, 1 < k < d-1, we have that Hom(71[m], Tj[k]) = Hom(71, Tj[k-m\) = 

due to -(d - 2) < k - m < d - 1, and Hom(7~;[ra], Tj[d + k - 1]) s DHom(7~ ; [/< - 1], 7/[m]) = 
as -(J -2)<m-£ + l<d-l. So Hom(C„ 7)[Jfc]) = Hom(7~/ * 71[1] • • • * T}[d - 1], 7}[Jfc]) = 

2J-2 

for 1 < it < - 2, j * j. This implies C; c f| f| ^ffl- 

/*/ fc=i 

Fix an element / e /. Let X be an object satisfying Hom(X, Tj[k]) = for 1 < k < 2d - 2, j + i. 
By Lemma [331 X has a decomposition X = ffi/ e /X/, X/ e C/, for some finite subset J of /. By the 
definition of C/, there are d triangles: 

x (n) ^ A („-l) tfj x (n-l) ^ X («) [1L „ = lf .. . f rf> 

where A? 1-1 ^ e 7"/, X^ 0) = X/, X^ = and gf 1 is the minimal right add7~/- approximation of 
X{" _1) (compare Corollary 3.3 in US). If I + i, then gj 0) = and fij 0) - thanks to Hom(7~ X) = 
DHom(X7"/[J]) - 0. So Xj 1 ' = xj 0) [-l] - X/[-l]. Assume that xf = X/[-n] for some 

1 < n < d -2. Then gf ] = by Hom(71,X[-n]) = DUom(X,Ti[d + n]) = and then xj" +1) = 
Xj ra) [-1] a X/[-(n + 1)]. By induction on n, we have that gf~ 1] = and xf - X/[-n], for 
\ <n < d-\,l * i- Note that X^"^ a A^" 1 ' by x) rf) - 0. From that Hom(X / ( ^ 1) ,X / (rf " 1) ) = 
Hom(X/[-(J - l)],Aj d_1) ) = Uom(X h Bf~ l) [d - 1]) - 0, we have xf~ l) = 0. Then X, = 
Xf _1) [^ - 1] = (/ ± i). Hence X s X,- e C,. □ 

Lemma 3.8. Under the same assumption as in Proposition \3. 51 all Cu i € /, are triangulated 
subcategories ofC. 

Proof. Let X — > Z — > F — > X[l] be a triangle with X,Y e C/. By Lemma [3771 we have that 
Hom(X, T}[Jt]) - and Hom(y, Tj[k]) - and then Hom(Z, Tj[k]) = for 1 < k < 2d - 2, j + i. 
By Lemma [3771 again, we have that Z e C,. Therefore, C; is closed under extensions. 
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For any i, T,T\Y\, ■ ■ ■ ,T\d - 1] are included in C. We claim that 71[<i] is a subcategory of C,-. 
Otherwise, there is an indecomposable object of 71, say X, such that X[d] is not an object of C,. 
Then by Lemma[3j3 X[d] is in Cj for some j ± i. Note that Hom(X,X[d]) = DHom(X,X) + 
which contradicts with Hom(71,C/) = by Lemma [3771 and d-CY property. Then we prove that 
Tj[d] is included in C,. Hence C,[l] = 71[1] * • • • * 71[<f| c C,-, that is, C, is closed under [1]. 
Dually, one can prove that C, is closed under [-1]. Therefore, C; is a triangulated subcategory of 
C. □ 

Proof of Proposition |3i5l It is sufficient to verify that Hom(C,, Cj) - 0, for i + j. By Lemma [378l 
Q[-l] = C/, then Hom(C;,T)) - Hom(C,[-l],r,) = Hom(C;, - for i * j, where the 
last equality is due to Lemmal3771 Then Hom(C„ Cj) = Hom(C/, Tj * 7}[1] * • • • * Tj[d - 1]) = 0. 

The following lemma is a generalization of Remark 2.3 in BZZ1L 

Lemma 3.9. Let C be a triangulated category and T be a d— rigid subcategory of C satisfying 
C = T * 7~[1] * • • • * T[d — 1]. Then T is a d— cluster tilting subcategory ofC. 

Proof Note that (T, 7~[1] *■■■* T[d - 1]) and (T * • • • * T[d - 2], T[d - 1]) form two torsion 
pairs. So T is contravariantly finite in C and T"[<f] is covariantly finite in C. Therefore T is 
functorially finite in C. Take an object X in C with Hom(X, 7~[t]) = for 1 < t < d - 1. Then 
Hom(Z, 711] * • • • * T[d - 1]) - 0. Hence X e T. Similar proof for X e 7" if Hom(7~, X[f]) - 
for 1 < t < d — 1 . Hence 7~ is (/-cluster tilting in C. □ 

Now we prove our main result in this section. 

Theorem 3.10. Let C be a d—CY triangulated category with a d— cluster tilting subcategory T. 
Then C is a direct sum of indecomposable triangulated subcategories Cj, i e I if and only if the 
cluster tilting subcategory T is a direct sum of indecomposable subcategories 7~i,i e /. Moreover 
d = 7~i* 7f[l] * • • • * Ti\d — 1] and T] is a d— cluster tilting subcategory in d, i e /. 

Proof. We first show the "only if part. By the definition of direct sums of triangulated subcat- 
egories, any object T in 7" has a decomposition T = ®i & jTj with / a finite subset of /, Tj e C\ 
and Hom(r,[it], Tj) = for < k < d - 2, i + j. Then T = ® ieI Ti where 71 = T f) C { . By 
Definition I3.2[ for any object X e d, Hom(X, 7~j[k]) = for j ± i and any k. Then by Lemma 
[321 X € Ti * 71[1] * • • • * T[d - 1]. Hence d = T t * T t [l] * • • • * T[d - 1]. By Lemma [3791 71 
is a cf-cluster tilting subcategory of C, . It follows from that of C, and Proposition 13 . 5 1 that 71 is 
indecomposable. 

To prove the "if part. It follows from Proposition [375] that there is a decomposition C - ©, e /C,, 
where C; = 71 * 71[1] * • • • * 71[<i - 1] is a triangulated subcategory of C. By Lemma [3791 71 is a 
<i-cluster tilting subcategory in Cj. If C, is not indecomposable, say C,- = © C" with nonzero 
triangulated subcategories C-, C", then by the proof of the "only if" part, we have 71 = T! © T", 
and q = 77' * 77'[1] * • • • * T[\d - 1], Cj = T[' * Tf'[l] *---*T!'[d- 1]. It follows that T!,T[' 
are nonzero subcategories, a contradiction to the indecomposableness of 71. 
The other assertion follows from Lemma [3791 □ 

We give a simple example for d = 2. 

Example 4. Let Q : 4 — >3— >2— > 1, C - Cq, the cluster category of Q whose Auslander-Reiten 
quiver is the following: 
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We take X = add(E), ± (X[l]) = add{\E,P 3 ,,P A [Y\,P^h,P\{Y\,S 2 ,S ? ,} By fiLY\l, the subquotient 
category ^-(XW~\)IX = add({P^, P4[l], P4, h, Pi[l], S 2, S 3}) is triangulated, andl—CY. This sub- 
quotient category admits cluster tilting objects, for example, the object T - P4IT] © P3 © E © 53. 
We have that in this subquotient category, addT = add(S^) © add(Pi, © P4[l]). Then by Theorem 
\3.10\ this subquotient category ± (X[l])/X - add{{S 2 ,S^\) © ciM{{P^,Pa{^,PaJ2,P\Y^\}\ in 
which, the first direct summand is equivalent to the cluster category of type A\, the second one is 
equivalent to the cluster category of type A%. 

Corollary 3.11. Let C be a d—CY triangulated category admitting a d— cluster tilting subcategory 
T. Then C is indecomposable if and only ifT is indecomposable. 

Corollary 3.12. Let C be a d—CY triangulated category, T and T' be two d— cluster tilting 
subcategories. Then T is indecomposable if and only ifT' is indecomposable. 

Corollary 3.13. Let C be a d—CY triangulated category with a d— cluster tilting object T. Then C 
is a direct sum of finitely many indecomposable triangulated subcategories d, i — 1 , • • • m. More- 
over the cluster tilting subcategory T = addT is a direct sum of indecomposable subcategories 
Ti, i = 1, • • • , m, and C; = 71 * T/[l] * • • • * 7~i[d — 1] and Ti is a d— cluster tilting subcategory in 
d, i = 1 , • • • m. 

Proof. Any triangulated category can be decomposed as a direct sum of triangulated subcate- 
gories. For the d-CY triangulated category C with a <i-cluster tilting object T, the number of 
direct summands of the decomposition of C is finite since that the number of indecomposable di- 
rect summands of T is finite. Then we have the decomposition of C = ©"^C,-. The other assertion 
follows directly from Theorem 13 .101 

□ 

For the special case of d = 2, i.e., C is 2-CY triangulated category with a cluster tilting object 
T, the decomposition of C corresponds to the partition of connected components of the Gabriel 
quiver of End(r). 

Definition 3.14. A basic rigid object T in C is called connected provided T cannot written as 
T = T\ © T2 with property that Tj ± 0, and Hom(Tj, Tj) = 0, for i + j 6 {1,2}. Any cluster 
tilting object in C can be decomposed as a direct sum of connected summands: T = ©^jP; with 
Ti being connected. We call such decomposition a complete decomposition of T. 

Every C can be decomposed uniquely to a direct sum of nonzero indecomposable triangulated 
subcategories. We call this decomposition is the complete decomposition of C and denote by 
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ns(C) the number of indecomposable direct summands of such decomposition of C. For a cluster 
tilting object T in C, the Gabriel quiver of End(r) is denoted by Yt and the number of connected 
components of Tt is denoted by nc(TY). Note that the complete decomposition of T corresponds 
to the connected components of Gabriel quiver of the 2-CY tilted algebra End(r). So by applying 
the theorem above, we have the following result immediately. 

Corollary 3.15. Let C be a 2—CY triangulated category admitting a cluster tilting object T. Then 
the number nc(Tj) of connected components of the quiver Tj is equal to ns(C). In particular, C 
is indecomposable if and only if Ft is connected. 

Corollary 3.16. Let C be a 2-CY triangulated category and let T, T' be cluster tilting objects in 
C. Then is connected if and only ifTj' is connected. 

Proof. Yj is connected <=> C is indecomposable o IV is connected. □ 

Remark 3.17. Let (S,M) be a marked surface and nc(S) denote the number of connected com- 
ponents ofS. Then nc(S) = ns(C(S , M)) (compare [ZZ2]). 



4 Classification of Cotorsion pairs in 2-Calabi-Yau categories 

From now on, except Proposition 4.6, we always suppose that the triangulated category C is 

2-Calabi-Yau (2-CY for short), i.e. [2] is the Serre functor of C. 

The main examples of 2-CY triangulated categories are the followings: 

1. Cluster categories of hereditary abelian ^-categories in the sense of [BMRRT] (also BCCS1 
for type A); and generalized cluster categories of algebras with global dimension at most 2 
(including the case of quivers with potentials) in the sense of Amoit II Ami All these 2-CY 
triangulated categories have cluster tilting objects. 

2. The stable categories of preprojective algebras of Dynkin quivers. They also have cluster 
tilting objects KtD51IBIR51 . 

3. The cluster category of type A TC . It has cluster tilting subcategories, which contains in- 
finitely many indecomposable objects BKRlllHJl Ng |. 



4. The bounded derived categories D h (modfiA) of modules with finite length over preprojec- 
tive algebras A of non-Dynkin quivers. They have no cluster tilting subcategories. There 
are many stable subcategories of mod/./. A associated to elements in the Coxeter groups 
of the quivers. Their stable categories are 2-CY, and have cluster tilting objects. See 
llGLSllBTRSl for details. 

5. Stable categories of Cohen-Macaulay modules over three-dimensional complete local com- 
mutative noetherian Gorenstein isolated singularity containing the residue field [BIKR]. 

We shall first decide a special kind of cotorsion pairs: t-structures. Recall that ( JT, ^0 is a 
t-structure in C, if Ext : (^\ ST) = 0, C = SC * &[V\ and X\\\ c % , c . 

The first main result in this section is the following result. 

Theorem 4.1. Let C be an indecomposable 2-CY triangulated category with a cluster tilting 
object T. Then C have no non-trivial t-structures, i.e. the t-structures in C are (C, 0) and (0, C). 
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Proof. Let ( X , < 3f) be a t-structure in C. Put T = add7\ Then for each indecomposable object 
T{ eT,i e I, there is a triangle 



Yt[\] X X t [\] 



with Xi € SC , Yi € Let 9i be the subcategory of C generated additively by Xj, F,-, i e /. Then 
7" c 7? * We shall prove that 7? is a cluster tilting subcategory. 
For any map a e Hom(y,[l], F/[2]), consider the following diagram: 

_8i_ . v.rn h i 



XjW- 




X t [l] 




Tj[l]-^ Yj[2\-^ Xj[2] 



The composition -hj[l] o a e Hom(y,[l],Xy[2]) = DHom(Xj, 7,[1]) = 0, then a factors through 
-gj[l]. So a o g ; - due to Hom(7,, Tj[\]) - 0. Therefore a factors through hi, i.e. there is a 
morphism p e Hom(X,-[l], Yj[2]) such that a = P o A,-. But Hom(X,[l], 7 ; [2]) = 0, so a = 0. Then 
ExtH^i, Yj) = 0. Dually, we have that Ext^X/.X/) = 0. By the definition of t-structure and 2-CY 
property, we also have Ext (X,-, Yj) - and Ext (Y{,Xj). Hence % is a rigid subcategory. 
Given an object M with Ext 1 (M,Xi) = 0, Ext ! (M, Y t ) = for i e /. Since T is cluster tilting, 



there is a triangle M 
triangles 



B 



M[l] with A,B e T. Since T c <R * there are 



X A 
X b 



fA 



A 



A ^ Y A [l] 



h A 



h B 



x A [il 



B ^ Yb [1] -A X B [l], 



where /a (resp. /g) is the minimal right -approximation of A (resp. B) and g A (resp. is the 
minimal left ^[l]-approximation of A (resp. B). Then the composition u o f A factors through 
/b. So there exists 5 such that fg o s — u o f A . 

s 

X A ' r Xb 



M 




M[l] 



Due to Ylom(X B , M[l]) = 0, we have v o / B - 0, then fs factors through u. Since any morphism 
from Xb to A factors through f A , then there is a morphism r e Hom(Xg,X4) such that fs = 
uof A or. Replace u of A by fs ° s, we have = fs ° 5 o r. Then s o r is an isomorphism by the right 

minimality of Thus s is a retraction and we have the triangle X A —> Xb — » Xc[l] — > X4[l], 
where Xc is a direct summand of X4. From /joj and iio/ A respectively, by the octahedral axiom, 
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we have the following two commutative diagrams of triangles: 



X A = X A 
si f B o s i 

Y B — > X B ^ B -—> Y B [1] 

II 01 i || (*) 

Y B — » X c [l] — » # — » Y B [1] 

i i 
X A [l] = X A [l] 



and 



M = M 

w I i 

X A ^ A ^ Y A [l] X A [1] 

II wi 1 II (**) 

X A — > B — > iV — > X A [1] 
v | 1 
M[l] - Af[l]. 

Since the morphism from F# to Xc[l] in the third row of the diagram (*) is zero, then N = 
Xc[l] © Y B [1] € 7?[1]. On the other hand, the morphism from M to Y A [\] in the third column of 
the diagram (**) is zero due to Hom(M, Fa[1]) = 0, then M[l] is isomorphic to a direct summand 
of N, and then it is in Hence M is an object in H. The functorially finiteness of H follows 
from that the number of indecomposable objects (up to isomorphism) is finite and C is Horn-finite. 
Therefore H is cluster tilting in C. % is indecomposable by Corollary 13.1 II 
Now we replace T by H, repeat the proof above. Namely, we consider the following split trian- 
gles: 

Xi -^Xi^O^ XiUl 

-> -» Yl-l][l] ^ 0. 

In these triangles, Xi € X, F,[-l] e W . We have that the subcategory H' generated by 
Xt, i e / is a cluster tilting subcategory. It is an indecomposable by Corollary 13.111 

For any i,j e /, Yj[-2] e W, then Hom(X ; , F ; [-l]) = Ext 1 ^, Yj[-2]) = 0. Note that 
Hom(Yj[-l],Xi) = Ext\Yj,Xi) = DExt 1 ^,-, Yj) = 0. Therefore X t = for all i or Y t = 
for all i as <R! is indecomposable. Then K' c <3f or <R! c X. Hence C = & or C - X. 

□ 



Remark 4.2. The result is not true for 2—CY triangulated categories without cluster tilting ob- 
jects. The derived category of coherent sheaves on an algebraic K3 surface is 2-CY and admits no 
cluster tilting objects. It admits a non trivial t-structure ( the canonical t-structure whose heart is 
the category of coherent sheaves). There are also examples that there are nontrivial t-structures 
in a 2-CY triangulated category admitting cluster tilting subcategories which contains infinitely 
many indecomposables (up to isomorphism). For example, the cluster category C Aoo of type 
introduced by Holm-Jdrgensen HHJ\ \KR1\I has non-trivial t-structures (see Theorem 4.1 in [Ng]). 
This cluster category has cluster-tilting subcategories containing infinitely many indecomposable 
objects (see #Vg| / for more details). 
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Corollary 4.3. Let C be a 2-CY triangulated category with a cluster tilting object T and let 
C = ®jejCj be the complete decomposition of C. Then the t-structures in C are of the form 
(©/eiCj, ®jej~LC) where L is a subset of J. In particular, each t-structure has a trivial heart. 

The following theorem is the second main result in this section, which gives a classification 
of cotorsion pairs in 2-CY triangulated categories C with cluster tilting objects. We note that 
in those 2-CY triangulated categories C, any rigid subcategory I contains only finitely many 
indecomposables (up to isomorphism) HDKL So we identify I with the object / obtained as the 
direct sum of representatives of isoclasses of indecomposables in it. We also note that for any 
rigid subcategory / in C, the subquotient category ± (I[l])/I is again a 2-CY triangulated category 

ea. 

Theorem 4.4. Let C be a 2-CY triangulated category admitting cluster tilting objects and I a 
rigid subcategory ofC. Let -"-(/[l])// - (Bjejlj be the complete decomposition of ± (I[l])/I. Then 
all cotorsion pairs with core I are obtained as preimages under n : """(/[l]) — » ± (I[l])/I of the 
pairs ((BjeiJj, ®jej-hlj) where L is a subset of J. There are 2 ns ^ cotorsion pairs with core 

I. 

Proof. Thanks to Theorem 4.7 and Theorem 4.9 in BIYL ± (/[l])/7 is a 2-CY triangulated cate- 
gory with cluster tilting objects. By Theorem 3.5 and Corollary 3.6 in [ZZ2], a pair {X\, Xi) of 
subcategories of C is a cotorsion pair with core / if and only if / c Xi c -"-(/[l]), i = 1,2, and 
(n(Xi),n(X 2 y) is a t-structure in - L (/[l])/7. Then by Corollary 03J the t-structures in ± (/[l])/7 
are of the form ((BjeLlj, ®jej-L,Ij)- Therefore the cotorsion pairs with core / are the preimages 
under n : ± (I[l]) -> ± (I[l])/I of the f-structure (® j€L Ij, in ± (/[l])//. □ 

Indeed, this correspondence is the same as that in Theorem II.2.5 in [BIRS ] under the following 
result: every cotorsion pair is symmetric, i.e. 

Corollary 4.5. Let C be a 2-CY triangulated category admitting a cluster tilting object and let 
( JT, $0 be a cotorsion pair with core I. Then ', JT) is also a cotorsion pair with the same 
core. 

Proof. By Theorem|4~! ( 3C , $0 = (n~\®iedj), n'^jej-i/j)) for some subset J, then {& , X) = 
(n~ l (®jej-Llj), 7r -1 (©/ez//)) is also a cotorsion pair with core /. □ 

Recallthat(JT,^)isaco-t-structureinC,ifExt 1 (<^",^) = 0, C - 3F*&[1] and JT[-1] c SC , 
W\Y\ c <3f . Using Theorem 14.41 and Corollary 14.31 one can prove that there are no non-trivial 
co-t-structures in an indecomposable 2-CY triangulated category with a cluster tilting object in 
the similar way as HZZZL Indeed, if (X, *3f ) is a co-t-structure in C, then (X, IV) is a cotorsion 
pair by the definition of co-t-structure. By Corollary 14.51 , X) is also a cotorsion pair. Since 
& is closed under [1] and X is closed under [-1], {W , X) is a t-structure. Then by Theorem 14. II 
X - or W = 0. 

In fact, we have the following more general result on t-structures or co-t-structures in a d-CY 
triangulated category, generalizing a recent result in I1HJYI . 

Proposition 4.6. Let C be an indecomposable d—CY triangulated category. If d > 1, then the 
co-t-structures in C are (C, 0) and (0, C). Dually, if d < — 1, Then the t-structures in C are (C, 0) 
and (0, C). 
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Proof. We only prove the case of d > 1. Let (X, be a co-t-structure in C. For any object 
Mef nf,we have Hom(M, M) = DExt l (M, M[d - 1]) = by M e X and Af[rf - 1] e 0\ 
This implies the core of (X, $0 is zero. Then by Lemma 2.3, (X, $0 is a t-structure. Thus 
X, <3f are triangulated subcategories of C. For any X € X ', Y € <¥ , we have that Hom(X, Y) = 
Ext l (X, F[-l]) = and Hom(Y,X) = DExt\X, Y[d - 1]) - by Y[-l], Y[d - 1] e &. Due to 
C = X * we have C - X © ^. Therefore X = or ^ = 0. □ 

5 Mutations 

In this section, all cluster tilting objects we considered are basic. We shall discuss the relation 
between mutation of cotorsion pairs and that of cluster tilting objects contained in those cotorsion 
pairs in a 2-CY triangulated category with cluster tilting object. First we introduce a notion of 
cluster tilting subcategories in a subcategory. 

Definition 5.1. Let X be a contravariantly finite (or covariantly finite) extension-closed sub- 
category of a triangulated category C and let D be a subcategory of X. We call that D is a 
X -cluster tilting subcategory provided that D is functorially finite in X, and satisfies that for 
any object D e X, M 6 D if and only if Ext 1 CD, M) = if and only if Ext l (M,D) - 0. An 
object D in X is called a X -cluster tilting object ifaddD is a X -cluster tilting subcategory. 

When X - C, then C-cluster tilting subcategories are exactly cluster tilting in C. When X is 
a contravariantly finite (or covariantly finite) rigid subcategory, then X is the only X -cluster 
tilting subcategory. 

From now on to the rest of the section, C denotes a 2-CY triangulated category with a cluster 
tilting object, (X, denotes a cotorsion pair with core I in C. We shall show that any clus- 
ter tilting object containing / as a direct summand in C gives a JT-cluster tilting object and a 
^-cluster tilting object respectively. First we prove a lemma. 

Lemma 5.2. Let C and (X, <3f) be above. Let T be a cluster tilting object in C. Suppose T can 
be written as T = T % © 7 © 7V with T sc e X and T<y e ty. Then T % © I is X -cluster tilting 
and 7V © I is <& -cluster tilting. 

Proof. We prove the assertion for ^-cluster tilting, the proof for ^-cluster tilting is simi- 
lar. Suppose that Ext^TV © LX) = for X e X, then Ext\T,X) = since Ext 1 (TV, X) = 
DExt 1 ^, TV) = 0, the first isomorphism dues to 2-CY property and the second one dues to that 
(X, <¥) is a co-torsion pair. Hence X e add7\ It follows that X e add(7V © I). Then T % © I is 
a ^"-cluster tilting object. □ 

The following result gives the precise relation between the cluster tilting objects containing / as 
a direct summand and the JT-cluster tilting objects, ^-cluster tilting objects. 

Proposition 5.3. Let Cbea 2-CY triangulated category with a cluster tilting object, and (X, <3f) 
be a cotorsion pair in C with core I. Then 

1. Any cluster tilting object T containing 1 as a direct summand can be written uniquely as: 
T - T <% © I © TV such that T % © I is X— cluster tilting, and Toy © I is 'W- cluster tilting. 

2. Any X -cluster tilting object M (or & -cluster tilting object) contains I as a direct summand, 
and can be written as M - M% ©7 ( M - May © I resp. ). Furthermore © I © May is a cluster 
tilting object in C. 
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3. There is a bijection between the set of cluster tilting objects containing I as a direct summand 
in C and the product of the set of X— cluster tilting objects with the set of cluster tilting 
objects. The bijection is given by T i— > T % ffi 7 ffi Ty. 

Proof. 1. Let T be any cluster tilting object containing / as a direct summand, we write T as 
T - I ffi 7V Then To e -"-(/[l]), and by passing from """(/[l]) to the quotient triangulated category 
x (7[l])/7, To is a cluster tilting object in this quotient category by Theorem 4.9 in [FY]. From the 
proof of Theorem 031 x (7[l])/7 = X/I ffi W II as triangulated categories, then To = T% © 7>, 
where T% e X, T$? e W such that T%, Tg? are cluster tilting objects in X /I, W /I respectively. 
Therefore T = T © 7 ffi TV. By Lemma 5.2, T % © 7, Toy © 7 are JT-cluster tilting, ^-cluster 
tilting respectively. 

2. Let T\ be a JT-cluster tilting object. Then by Ext (T\,I) - 0, we have that 7 e addJi, i.e. 7 
is a direct summand of T\. Then T\ - T % ffi 7. Similarly, any ^-cluster tilting object T2 can 
be written as T2 = T<& ffi I. Now T Toy are cluster tiltings in X /I, & 1 1 respectively, and then 
T x ffi T 9 is a cluster tilting object in ± (/[l])/7 since ± (I[l])/I = X/I ffi ^//. It follows that 
T % ffi I ffi 7V is a cluster tilting object in C. 

3. It follows from 1 and 2. □ 

We know that one can mutate cluster tilting objects to get new ones. In the following we shall 
see that the mutation of cluster tilting objects containing I as a direct summand is related to the 
mutation of cotorsion pairs introduced in HZZ2L We recall the notion of mutation of cotorsion 
pairs in 2-CY triangulated categories. This notion is defined in a general triangulated category 
in EZ2I 

Let C be a 2-CY triangulated category with a cluster tilting object T. We denote by 8{M) the 
number of indecomposable direct summands (up to isomorphism) of an object M. We assume 
that 6(T) = n. 

Suppose that (X, be a cotorsion pair with core I. Then < 5(1) < n HDKI . It follows from 
Lemma 2.4 that 6(1) = if and only if (X ', <¥) is a t-structure in C, while 6(1) = n if and only if 
X = <3f = add(7) is a cluster tilting in C. In the later case, I is a cluster tilting object in C. 

Definition 5.4. Let C be an indecomposable 2—CY triangulated category with a cluster tilting 
object T, and 6(T) = n. Assume that < d < n is an integer. A cotorsion pair (X , &) with core 
I is called a d— cotorsion pair if 5(1) - d. 
Denote by CTN C {(C) the set of all d— cotorsion pairs. 

From the definition above and Theorem |4~T1 CTN (C) = {(C, 0), (0, C)}. CTN n (C) consists of 
cluster tilting objects in C. 

Let D be a direct summand of I (maybe zero summand). Denote by D - addD. 
Put: 

D) ■- (D * %\\\) n ± (£)[1]); 
p-\y; D) := (£> * ^[1]) n ± (D[l]); 
p-\T,D) :=(D*/[l])n- L (D[l]). 

The following proposition is proved in [ZZ2]. 
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Proposition 5.5. With the assumption above, we have that (p (X;D),p (& ;D)) is also a 
cotorsion pair with the core pT l (I;D) in C. Moreover (jT l (X; D),/i _1 (^; £>)) e CTN d (C) if 
and only if(X, &) € CTN d {C). 

Definition 5.6. We call the cotorsion pair (p~ l (X; < D),pT x (W ; D)) is a D— mutation of cotorsion 
pair (X , Sometimes denote this cotorsion pair by (X' , &'), denote its core by V. 

Corollary 5.7. Let (X, be a cotorsion pair with core I, and (X', &') with core V be the 
D-mutation of(X, <W). Then ( X', <&') = ( X, <3T) if and only ifl' = I. 

Proof. The "only if part is obviously. We prove the "if part. Suppose /' = /. Then by Theorem 
3.11(2) in EZTH . £> = /. It follows that passing to the quotient category (X', <¥') 

is 0-mutation of the t-structure (X_, <3£) in the quotient triangulated category ± (I[l])/I. Then 
{ {X' , W) = ( X , ( 3P) in this quotient category, since X , W_ are triangulated subcategories of 
- L (/[l])/7 by the proof of Theorem|4l Hence (X', <3/') = (X, <3T) in C. 

□ 

This corollary was proved for finite triangulated categories in [ZZ2]. 

Note that there are many choices for D. Two extreme cases are: when D = {0}, then the 
D-mutation of (X ,<¥) is (X[l],^[\]); when D = add/, then the ©-mutation of (X ,<¥) 
is (.ar, 90 itself. 

When D is the direct summand of / with 6(D) = 6(1) - 1, the D-mutation is the usually one, 
which was defined and studied for cluster tilting objects (subcategories) in [BM RRTI IKRlllTYI . 
for rigid objects(subcategories) in UMPL for maximal rigid objects(subcategories) in [ZZ1]. We 
call the D-mutation with 6(D) = 6(1) - 1 just mutation, for simplicity. Denote this mutation by 
pi , where Iq is the missing indecomposable object of D in /. 

Remark 5.8. For a cluster tilting object T, the mutation p is an involution. But the mutation of 
cotorsion pairs is not an involution in general (compare [MP]), see the following example. 

Example 5. Let Q : 4 -» 3 -> 2 -> 1, and C = D b (kQ)/r~ l [\], the cluster category of Q, 
see the AR-quiver below. Set X = add(P\ © P 2 © P3 © S 2 ), - add(P 2 © P3 © Pa © P4U]), 
1 = P 2 @ P3. Then (X , is a cotorsion pair with core I. We mutate the cotorsion pair (X , ( 3^) 
at P 2 to get a new cotorsion pair (Xi,&[) with core I\, where X\ — add(E®S 3 ©P3 ©Pi), ^ - 
add(S3 © P3 © Pztfl] © P4), l\ — S3 © P3. Now we continues to mutate (X\, <3f{) at S3. We get 
another new cotorsion pair (X 2 , Wj) with core I 2 , where X 2 - add(P 2 © S 2 © P3 © E), - 
add(S 2 © P 3 © P 4 © P4[l]), h = S 2 © P 3 . We conclude that (X 2 , + (X, <&). 
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We define mutation quiver of cotorsion pairs in C. It is a quiver whose vertices are cotorsion pairs, 
there is an arrow from the vertex to another vertex if the target cotorsion pair is a mutation of the 
initial one. This quiver is denoted by ^#(C). It is not connected from Proposition 5.5. Denoted by 
^d{C) the subquiver of ^#(C) consisting of vertices belong to CTNd(C). Jt(C) = \J" d=0 Jtd(C). 
Note that if we replace the each double anti-arrows by an edge, then ^ n (C) is the exchange graph 
of cluster tilting objects in C. This graph is conjectured to be connected for every indecomposable 
2-CY triangulated category [Re]. 

Now we give the relation of mutation of cluster tilting objects containing 7 as a direct summand 
with the mutation of cotorsion pairs. 

Proposition 5.9. Let (3? , be a cotorsion pair with core I in C, T — T % © 7 © 7V a cluster 
tilting object. Suppose (X' ', IV') is a D-mutation of , <3/"), V is the core of(5£', W\ Then 
the 'D-mutation T ofT is TL-, © /' © T' Y ,. 

Proof. For D = addD, where D is a direct summand of 7, we consider the subquotient category 
± (D[1])/!D. It is a triangulated category by lHYll with shift functor < 1 >. 

In this subquotient category, , *3£) is a cotorsion pair with core 7 in [ ZZ2 ] and T_ - T % ©7© 7V 
is a cluster tilting object by [IY]. The images of their D-mutations are (SC' ' , W) = (X_ < 1 > 
,W_ < 1 >), V_ = T < 1 >= 7V < 1 > ©7 < 1 > ©7> < 1 > respectively. It follows that 
7V < 1 >e %_ < 1 >, 7> < 1~ W_<\>. ThereforeT 7 = © /' © T'^„ where T' x , © /', 
T'gf, © /' are JT'-cluster tilting object in 3£' , ^'-cluster tilting object in W respectively. 

□ 

Now we state and prove the main result in this section. 

Theorem 5.10. Let W) be a cotorsion pair with core I in a 2—CY triangulated category C 
with a cluster tilting object. Let T - T ' % © 7 © Toy be a cluster tilting object containing I as a 
direct summand. Suppose that Tq is an indecomposable direct summand of T. We consider the 
mutation Pt (T) ofT in Tq. 

1. If To is a direct summand of I, then Ht q {T) = TV, © V © T'^„ where ( JT', W) - Pt ($- \ 
is the mutation of(3>, V is the core of cotorsion pair W\ 

2. If Tq is not the direct summand of I, then p.T Q {T) - flT (Tgr © I) © Toy when Tq is a direct 
summand ofTx> an d Pt (T) - T % © Pt (I © T&) when Tq is a direct summand ofT^. 

Proof. 1. The assertion follows from Proposition 5.9. 

2. We will prove the case of that Tq is a direct summand of T&, the proof for the other case 
is similar. We first note that any morphism / : X — > Y with X e 1"J e f factors through 
the core I. This dues to the fact the image of / under the projection n : ± (I[l]) — > ± (I[l])/I is 
zero since ± (I[l])/I = JT/7© W jl as triangulated categories. It follows that for the minimal left 

777o-approximation of Tq, say g : To — > B, we have B e add(T$; © I). Then g : Tq — > B is a 

g 

minimal left (Tjr © 7) -approximation. Extend g to a triangle Tq — > B — » T' Q — > 7o[l]. It induces 

g 

a triangle in the subfactor triangulated category ± (I[\])/I : Tq — > B — > T' {) — > Tq < 1 > [IY]. It 
follows that T Q € X II and T' Q e X. Then fi To (T) = (T/T Q ) © 7^ = 7/^ © (T%-/T ) ©7© 7> = 
in,(T :X ®L)®T 9 . 

□ 

Remark 5.11. For any cotorsion pair ( JT, £?0 with core I in C. From the theorem above, X (or 
has weak cluster structure in the sense of [BIRS], i.e. the X - cluster tiltings T % © I are the 
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candidates of extended clusters, where I is the set of coefficients; one can mutate the X— cluster 
tiltings at Tq to get a new X —cluster tilting by the above theorem; and one also have exchange 
triangles. There is a substructure ofC induced by a X— cluster tilting and a &— cluster tilting: 
Let T % ffi / be a X —cluster tilting, Toy © / a ty— cluster tilting. Then T % © / © TV is the cluster 
tilting in C by Proposition 5.3. We call that T%;®1 and Toy ©7 give a substructure ofC (compare 
UBIRSV ) if for any 3&— cluster tilting T'^®1, cluster tilting T'^ ©/, both of which are obtained 
from T x © I and Toy © I respectively via a finite number of mutations, the cluster tilting object 
T'gr © / © T'y can be obtained from T$r © / © Toy via a finite number of mutations in C. 

6 Hearts of cotorsion pairs 

As an application of the classification theorem of cotorsion pairs, we determine the hearts of 
cotorsion pairs in 2-CY triangulated categories with cluster tilting objects in this section. Hearts 
of cotorsion pairs in any triangulated category were introduced by Nakaoka [N], which unify the 
construction of hearts of t-structures |BBD] and construction of the abelian quotient categories 
by cluster tilting subcategories [BMRRT, KRTl lKZll . 

We recall the construction of hearts of cotorsion pairs from [N]: Let C be a triangulated category 
and (3& , $0 a cotorsion pair with core I in C. Denote by *H the subcategory ( [-1] * 1)0(1 * 
The heart of the cotorsion pair (3£ ', is defined as the quotient category 'H/I, denoted 

by 'H. 

It was proved that <H_ is an abelian category INI . There is a cohomology functor H = hn from 
C to < H_, where n is the quotient functor from C to C = CI I and h is a functor from C to < H . 
Those constructions were given in Proposition 3.4 and Proposition 4.2 in BAN! combined with 
Construction 4.2, Proposition 4.3 and Remark 4.5 in ||N). For the convenience of reader, we recall 
the definitions of the functor h from HANI as follows. 

For any M e C, there is a triangle Y M -> X M -» M -» Y M [l] with X M e fj« e 
since (X , is a cotorsion pair. Then there is a triangle X' [-1] — » Xm —* Y' M — > X' M with 
X' M € SE , Y' M € & , since ( ^[-1]) is a cotorsion pair. Composing the morphism from 
X' [-1] to Xm and the morphism from Xm to M, we have the following commutative diagram of 
triangles in C by the octahedral axiom, in which we get M and sm '■ M — > M: 



Using the definition of cotorsion pair (X[—l], again, we have a triangle X^[-l] — > M — » 

Y m ~* X m and then we have another triangle Y™ -> X'£ -» Y' M -> Y£[l] with X' M ,X' M ' e X 
and Y' M , Y' M ' e Compose the morphism from X'£ to Y' M and the morphism from Y' M to X' M , by 
the octahedral axiom, we have the following commutative diagram of triangles in C, in which we 



Ym 
II 

Ym 




Y m W 



YmW 



(*). 
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have M and t M ■ M -> M: 







Z M 


_ y"' 
~ 1 M 








i 


i 




Ki- 


-1] - 


-> M 


v ,ff 


— » Y" 


ll 




tM i 


i 


II (★★) 


X M [- 


■1] - 


-> M 


1 M 


— » Y" 






1 


i 















The image of M under h is defined as M. Abe and Nakaoka proved that M e < H_. It is easy to 
see that up to isomorphisms in < H_, M does not depend on the choice of Xm,X' m ,X' m ,X m ' and 
Ym, Y' m , Y' m , Y' m ' (See Section 4 in (ANl for details). 

For any morphism f : M —> N inC, there is a unique morphism / in C such that the left square of 
the following diagram commutate (Proposition 4.3 in [N]) and then there is a unique morphism 
/ in C such that the right square in the following diagram commutate (Remark 4.5 in [N]): 

*M — tM 

M =» M «= M 

fi fi 7 i (***)■ 

SN — f N 

N => N ^ N 



The image of / under h is defined as /. 

We state two simple facts followed from the constructions above. 
Lemma 6.1. H{S£) = and H(W) = hold. 

Proof. We give a proof for H{3£) - 0, H{&~) = can be proved dually. Let M be an object in 
X. One can choose Y M = 0. Then M = Y' M . So one can choose X' M = 0. Then /i(M) = ~M = X' M '. 
Note that Xj£ e & * & c ^ and I = JT n W. We have that fc(M) € I and hence fc(M) = in 
<H. □ 

Lemma 6.2. h\^j = id^. 

Proof. By the definition of h, one only need to check that h(M) = M for any M e In this 
case, we have that Xm e J by Corollary 3.3 in |N]. One can choose Y' M = Xm and then M = M. 
By the dual, one can have that M = M. Thus this lemma holds. □ 

Let (JTi, W{) and ( 3£%, be two cotorsion pairs with the same core J in a triangulated category 
C. Denote by //, the heart of < 3^), i = 1,2. Let Hi = h/n be the cohomology functor from 
C to 'Hj given in HANI , and i, be the inclusion functor from "K, to C,i= 1,2. The composition 
functors h\i2 and ]\2i\ are denoted by E and F respectively. 
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Lemma 6.3. IfHi(\I{X])) = and //i((J[-l]) x ) - 0, then EF a id^. 

Proof. For any M e Hi, we have the above commutative diagrams (★) and (**) with Xm, X' m , 

X£, X'£ € 5£ 2 and Y M , Y' M , Y£, Y'£ e Then /z 2 (M) = M by the definition. The first and the 
last morphisms in the third column of the diagram (★) and in the second column of the diagram 
(★★) factor through ± (J[1]) or (/[-l]) 1 - respectively, by SC 2 c x (/[l]) and 0$ C (/[-l])" 1 . Then 
the image of these morphisms under H\ are zero. Applying the cohomology functor H\ to these 
two triangles (in the third column of the diagram (★) and in the second column of the diagram 
(★★)), one has two isomorphisms in H\: 

H[M ±* EM 



and 



EFM EM. 



Since M e Hi, so H\M = M by Lemma 6.2. 

For any morphism / : M — > N in Hi, applying the functor hi to the diagram (★ ★ ★), we have 
the following commutative diagram in Hi : 

h\M — > EFM 
hf i EFfi. 

Hi (tff ) _1 Hi (sp/ ) 

hiN — > EFN 

Since M,N eHi, then hiM-M, hyN - N and &i/ = / by Lemma 6.2. Therefore, id Wl - £7^. 

□ 



From now on to the end of this section, we assume that C is a 2-CY triangulated category. We 
continue to use the same notations as above. Fixed a cotorsion pair (3£ , with core I, which 
is assumed functorially finite in C (e.g. I contains only finitely many indecomposable objects). 
Let C2Ti,09 be the cotorsion pair (I, x (X[l])) and (^2,^2) = (#",#0. Then the condition 
of Lemma 6.3 holds automatically by Lemma 6.1 and the heart Hi is equivalent to the module 
category over I lUTl . denoted by mod I. By Corollary 3.6 in BZZ2L we have that (3£ /I, W 1 1) 
is a t-structure in the 2-CY triangulated category ± (I[l])/I. Recall that the shift functor (1) in 
the triangulated category ± (I[l])/I defined in IIIYI! is obtained by the following triangle: M — » 
I M -> M<1> -> M[l], where Af e ± (J[1]), 7 M e J. We denote the heart (^T/i)<-l> flC^/JXl) 
of this t-structure by ^ which is an abelian category [BBD ]. 

Lemma 6.4. T/ze category 3\ is an abelian subcategory of the heart H_of{3£, 
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Proof. Obviously are the subcategories of C. Since JT<-1) c JT[-1] * J and ^<1> c 

J * then we have that 

# - (JT/JX-i) (~)(.&/l)(i) = <-i>/J p ^<i>/J c 

□ 

For the subcategory J{ of < H_, we use to denote the quotient category, whose objects are the 
same as < H_, whose morphisms are the factor additive group Hom<^(/^(X, Y) = Hom^(X, Y)/$l(X, Y), 
for X, Y e ( H_. Where &(X, Y) is the subgroup of Hom^(X, Y) consisting of morphisms which fac- 
tor through an object in 3K. It is an additive category, and the natural projection : < H_ — > ^HJJK 
is an additive functor. 



Since FL\(9{) = by 3\ c ± (J[1])/J, we have E(Jl) = 0. Then E induces an additive functor 
E' : — > mod I which makes the following diagram commute: 

F 



] mod I 




We have that E'n^F - EF - id mo( j 7 by Lemma 6.3. On the other hand, we have that 
n^FE'n^ = n^FE - ng\ which implies n^FE' - id^/^. Thus we have the main result of 
this section which determines hearts of any cotorsion pairs in 2-CY triangulated categories with 
cluster tilting objects. 

Theorem 6.5. Let C be a 2-CY triangulated category and , be a cotorsion pair in C with 
core I. Assume that I is functor ially finite. Then we have an equivalence of additive categories 

<Hlft =* mod I, 

where "F(_ is the heart of(££, <3f), 3\. is the heart of(££~/I, W 1 1). IfC has cluster tilting objects, 
then we have an equivalence of abelian categories 

'H — mod I, 

and in particular, the hearts of any two cotorsion pairs with the same core are equivalent. 

Proof. From the above, we have the functor E' : e H/^i — > modi, and the functor n^F : modi — > 
2£/^- Those functors satisfy n^FE' = id mo( jj and E'n^F = id-j-i/^. Then 

n±IJ[ a mod I. 

We prove the second assertion. If C has cluster tilting object, then the core of every cotorsion 
pair is functorially finite, since the core contains only finite non-isomorphic indecomposable 
objects. By Corollary 14.31 J{ is trivial. Then we have the equivalence 'H. - mod I. Note that 
both categories |H and mod I are abelian and E, F are additive functors. So and mod I are 
isomorphic as abelian categories. □ 
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Example 6. Let Q : 4 -> 3 -> 2 -> 1, C r/ie c/wster category of Q. Set I = add{P 2 [l] © P3U]). 
77ie?i subcategory ± (/[l]) = acW(Pi[l] © P 2 [l] © P3U] © P 4 [l] © U © Pi)- We mark the 
indecomposable objects in ± (I[ 1 ]) by □ in the following AR-quiver ofC. 



Pl[l] 




There are four cotorsion pairs with core I in this category, we list them together with their hearts 
in the following and mark the indecomposable objects in each heart by *, 9 and * respectively 
in order in the AR-quiver above. 



{add{P 2 [l] © P3U] © ^41] © h), add{P 2 [l] © P3W) © © ^[l])) add{P 2 © P 4 © ^3) 
(add(P 2 [l] ©P 3 [l])©Pi[l] ®P[l]),add(P 2 [l] ©P 3 [l] ©P 4 [l]©/ 4 )) a^(5 2 ©£©5 3 ) 



This work was completed when the second author was visiting at Universitat Bielefeld supported 
by DAAD. He would like to thank Claus Michael Ringel and Henning Krause for suggestions 
and for hospitality, and to thank DAAD for financial support. Both authors would like to thank 
Idun Reiten and Bernhard Keller for discussion. 

References 

[AN] N. Abe, H. Nakaoka. General heart construction on a triangulated category (II): Associated 
homological functor. Appl. Categ. Structures 20(2), 161C174, 2012. 

[Am] C. Amiot. Cluster categories for algebras of global dimension 2 and quivers with potential. 
Ann. Inst. Fourier 59(6), 2525-2590, 2009. 

[ASS] I. Assem, D. Simson, A. Skowrohski. Elements of the representation theory of associative 
algebras Vol. 1 Techniques of representation theory. London Mathematical Society Student 
Textx, 65. Cambridge University Press, Cambridge, 2006. 

[Bon] M. V. Bondanko. Weight structures vs. t-structures; weight nitrations, spectral sequences 
and complexes (for motives and in general). J. K-theory 6(3), 387-504, 2010. 

[BBD] A. A. Beilinson, J. Bernstein, R Deligne. Faisceaux pervers. Asterisque, 100, Soc. Math. 
France, Paris, 1982. 

[BBM] K. Baur, A. Buan, R. Marsh. Torsion pairs and rigid objects in tubes. arXiv:l 1 12.6132 . 




add(P 2 ®P 3 ®S3) 
add(S 2 ®I 2 ffi/3) 



Hearts 



ACKNOWLEDGMENTS. 



22 



[BIKR] I. Burban, O. Iyama, B. Keller, I. Reiten. Cluster tilting for one-dimensional hypersur- 
face singularities. Adv. Math. 217(6), 2443-2484, 2008. 

[BIRS] A. Buan, O. Iyama, I. Reiten, J. Scott. Cluster structure for 2-Calabi-Yau categories and 
unipotent groups. Compos. Math. 145(4), 1035-1079, 2009. 

[BMR] A. Buan, R. Marsh, I. Reiten. Cluster-tilted algebras. Trans. Amer. Math. Soc. 359(1), 
323-332, 2007. 

[BMRRT] A. Buan, R. Marsh, M. Reineke, I. Reiten, G. Todorov. Tilting theory and cluster 
combinatorics. Adv. Math. 204(2), 572-618, 2006. 

[BR] A. Beligiannis and I. Reiten, Homological and homotopical aspects of torsion theories. 
Mem. Amer. Math. Soc. 188(883), 2007. 

[Bri] T. Bridgeland. Stability conditions on triangulated categories. Ann. of Math. 166(2), 3 17- 
345, 2007. 

[CCS] R Caldero, F. Chapoton, R. Schimer, Quivers with relations arising from clusters (A„ 
case). Trans. Am. Math. Soc. 358(3), 1347-1364, 2006. 

[DK] R. Dehy, B. Keller. On the combinatorics of rigid objects in 2-Calabi-Yau categories. Int. 
Math. Res. Not. 2008(11), Art. ID rnn029, 17 pp. 

[D] S. D. Dickson. A torsion theory for abelian category. Trans. Amer. Math. Soc. 121, 223-235, 
1966. 

[GLS] C. GeiB, B. Leclerc, J. Schroer. Preprojective algebras and cluster algebras. Trends in 
representation theory of algebras and related topics, 253-283, Eur. Math. Soc, Zrich, 2008. 

[HJ] THolm, P.j0rgensen. On a cluster category of infinite Dynkin type, and the relation to 
triangulations of the infinity-gon. Math. Z. 270(1-2), 277-295, 2012. 

[HJR1] T. Holm, P. J0rgensen, M. Rubey. Ptolemy diagrams and torsion pairs in the cluster 
category of Dynkin type A n . J. Algebraic Combin. 34(3), 507-523, 2011. 

[HJR2] T. Holm, P. J0rgensen, M. Rubey. Torsion pairs in cluster tubes. larXiv: 1 207.3206 

[HJY] T. Holm, P. J0rgensen, D.Yang. Sparseness of t-structures and negative Calabi-Yau dimen- 
sion in triangulated categories generated by a spherical object. To appear in Bull. London 
Math. Soc. 

[IY] O. Iyama, Y. Yoshino. Mutations in triangulated categories and rigid Cohen-Macaulay 
modules. Invent. Math. 172(1), 117-168, 2008. 

[Kl] B. Keller. Calabi-Yau triangulated categories. Trends in Representation Theory of Algebras 
and Related Topics, 467-489, EMS Ser. Congr. Rep., Eur. Math. Soc, Zrich, 2008. 

[K2] B.Keller. Cluster algebras and derived categoreis. arXiv: 1202.4161. 

[KR1] B. Keller, I. Reiten. Cluster-tilted algebras are Gorenstein and stably Calabi-Yau. Adv. 
Math. 211(1), 123-151, 2007. 



23 



[KR2] B. Keller, I. Reiten. Acyclic Calabi-Yau categories. Compos. Math. 144(5), 1332-1348, 
2008. 

[KZ] S. Koenig, B. Zhu. From triangulated categories to abelian categories- cluster tilting in a 
general framework. Math. Z. 258(1), 143-160, 2008. 

[MP] R. J. Marsh, Y. Palu. Coloured quivers for rigid objects and partial triangulations: the 
unpunctured case. arXiv: 1012.5790 

[N] H. Nakaoka. General heart construction on a triangulated category (reunifying t-structures 
and cluster tilting subcategories. Appl. Category structure. 19(6), 879-899, 2011. 

[Ng] P. Ng. A characterization of torsion theories in the cluster category of Dynkin type A m . 
larXiv: 1005.43641 

[P] D. Pauksztello. Compact corigid objects in triangulated categories and co-t-structures. Cent. 
Eur. J. Math., 6(1), 25-42, 2008. 

[Re] I. Reiten. Cluster categories. Proceedings of the International Congress of Mathematicians. 
Volume I, 558C594, Hindustan Book Agency, New Delhi, 2010. 

[T] H. Thomas. Defining an m-cluster category. J. Algebra 318(l),37-46, 2007. 

[ZZ1] Y. Zhou, B. Zhu. Maximal rigid subcategories in 2.Calabi-Yau triangulated categories. J. 
Algebra 348(1), 49-60, 2011. 

[ZZ2] Y. Zhou, B. Zhu. Mutation of torsion pairs in triangulated categories and its geometric 
realization. larXiv: 1105 .35211 

[ZZZ] J. Zhang, Y. Zhou, B. Zhu. Cotorsion pairs in the cluster category of a marked surface. 
larXiv: 1205. 15041 

[Zhu] B. Zhu. Generalized cluster complexes via quiver representations. J. Algebraic Combin. 
27(1), 35-54, 2008. 



24 



